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We analyse the appearance of a mechanical torque that acts on a chiral molecule: a single-
stranded DNA, in which the spin-orbit interaction is expected to induce a spin-selectivity effect.
The mechanical torque is shown to appear as a result of the non-conservation of the spin current
in the presence of the spin-orbit interaction. Adopting a simple microscopic model Hamiltonian for
a chiral molecule connected to source and drain leads, and accounting for the mechanical torque
acting on the chiral molecule as the back action on the electrons traversing the molecule, we derive
the spin continuity-equation. It connects the spin current expressed by a Landauer-type formula
and the mechanical torque. Thus, by injecting a spin-polarized current from the source electrode,
it is possible to generate a torque, which will rotate the DNA molecule.
I. INTRODUCTION
Molecular junctions in which spin-orbit interactions
(SOIs) are effective have recently attracted much at-
tention since such interactions are considered to play
an important role in electronic conduction through chi-
ral molecules. An important consequence of the SOI is
the spin-filter effect, in which only electrons whose spin
points along a particular direction can be transmitted.1–6
Recently spin-filtering has been detected in organic chi-
ral molecules, such as DNA molecules7–9 and peptides.10
This effect is termed “chiral-induced spin selectivity”
(CISS).7,8,11 Experimentally, it is possible to connect one
edge of a DNA molecule or a peptide molecule to a fer-
romagnetic electrode and the other edge to a metallic
electrode through a gold nano-particle.8,10 Experimen-
tal results demonstrate that the magnitude of the elec-
tric current that flows through the molecule depends on
the direction of the magnetization of the ferromagnetic
electrode.8,10 Since such organic molecules do not contain
magnetic atoms, it has been suggested that the only pos-
sible origin of the CISS effect would be the SOI. In recent
theoretical studies, the underlying physical mechanism of
the spin polarization are studied for a double-stranded
DNA12 and for single-stranded molecules,13,14 using the
tight-binding model with Rashba-like SOI. Moreover, a
minimal realistic model accounting for the nature of p-
orbitals are shown to exhibit possible CISS effect.15 In
addition, it has suggested that the CISS effect originates
from the interaction between a helicity-induced SOI and
a strong dipole electric field.16,17 It is also suggested that
in order to verify the CISS effect in electric conduction ex-
periments, proper multi-terminal setups are required.6,18
In order to further understand the role of the SOI in
such molecules, it is of interest to discuss other possible
consequences.
Quite generally, the SOI is described by the Hamilto-
nian
HSOI ∝ (E × p) · σ , (1)
which implies an interplay among the electron spin s =
(~/2)σ [σ = (σx, σy, σz) is the vector of the Pauli ma-
trices], the electron momentum p and the electric field
E. This electric field is generated by the nuclei forming
the molecule, and therefore its dynamics is connected
with the dynamics of the molecule. In addition, since
the atomic orbitals are attached to the nuclei of the
molecule, orbital electronic angular momentum can be
transformed into mechanical angular momentum of the
molecule. This observation implies the SOI-assisted con-
version of the spin angular momentum into a mechanical
angular momentum. In ferromagnetic materials, such a
conversion, i.e., the gyromagnetic effect, has been known
already a century ago.19–22 The conversion between the
spin angular momentum and the mechanical torque has
received recently renewed attention in the spintronics
community.23–30 In the presence of the SOI, the direc-
tion of an injected spin varies continuously during the
transmission process. Then a certain amount of angu-
lar momentum is transferred to the atoms in the form of
back action. Therefore, one can expect that in molecu-
lar junction setups,8,10 a finite amount of spin angular
momentum will be converted into a mechanical torque,
which in turn will operate on the chiral molecule. This
operation could lead to a rotational motion of the chiral
molecule.
In the present paper we discuss the mechanical torque
induced by a spin-polarized electric current. Because of
the SOI, the total spin of electrons is not conserved, as
opposed to the total angular momentum. Consequently
the change in the electron spin is transformed into a me-
chanical torque acting on the molecule. Assuming for
simplicity that the system is at zero temperature, we de-
rive a continuity equation for the spin, based on a micro-
scopic model Hamiltonian for chiral molecules introduced
in previous publications.12–14 At steady state, this equa-
tion relates the spin current to the mechanical torque
acting on the chiral molecule. The dependence of this
mechanical torque on the parameters of the molecule is
the central issue of our discussion.
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2Our paper is structured as follows. We begin in Sec.
II A by presenting the model Hamiltonian for the single-
stranded DNA molecule. In particular we elaborate on
the effect of the spin-orbit interaction on the Hamilto-
nian of the molecule and the tunnel couplings to the left
and right electrodes. We then continue in Sec. II B to
construct the operator form of the continuity equation
for the spin. This equation, which is based on the Euler-
Lagrange equation for the rotation angle of the molecule,
involves the spin-polarized current operator and the op-
erator of the mechanical torque. The quantum average
of the operator continuity equation is considered in Sec.
II C. There, we first construct the scattering states of
spin-polarized electrons impinging on the molecule (de-
tails are given in Appendix A) and then exploit those to
perform the quantum average. As a result, we obtain a
Landauer-type expression for the spin-polarized currents.
These currents determine the mechanical torque acting
on the molecule at steady state. Our results are presented
in Sec. III. We display there the mechanical torque as a
function of the energy of the impinging electrons, and as
a function of the structural parameters of the molecule,
in a range of values of the SOI. The most conspicuous
feature of the data presented in Sec. III are the peri-
odic oscillations of the mechanical torque (see Figs. 3,
4, and 5). From the various analyses of our numerical
data it emerges that the periodicity and amplitude of the
oscillations originate from an interplay between the spin-
orbit interaction active in the molecule, and the chiral
structure of the latter. This observation is substantiated
by calculating the band structure of our model for the
molecule, as detailed in Appendix B. Our findings are
summarized in Sec. IV.
II. MECHANICAL TORQUE INDUCED BY
SPIN CURRENTS
A. Single-stranded DNA model Hamiltonian
Electrode ElectrodeChiral molecule
Torque
FIG. 1: A single-stranded DNA molecule, whose two edges
are connected to left and right electrodes. A spin-polarized
electron injected from the left lead changes its spin direction
during the passage through the molecule due to the spin-orbit
interaction active there. The back action of this process re-
sults in a mechanical torque acting on the molecule. The
rotation axis of the chiral molecule is along the zˆ axis; ∆µ is
the chemical-potential difference between the two electrodes.
Figure 1 displays schematically the molecular junction.
The two edges of the chiral molecule, a single-stranded
DNA molecule, are connected to left and right leads. The
Hamiltonian of the system consists of the DNA Hamilto-
nian, Hmol, the left (right) lead Hamiltonian, HL(R), and
the tunneling Hamiltonian V ,
H = Hmol +HL +HR + V . (2)
J1
2
4
3
N
Rn
En+1,n
Rn+1N-1
N-2
FIG. 2: The effective model of the single-stranded DNA:
a helix made of a one-dimensional tight-binding chain with
radius R and pitch ∆h. The total number of sites in this
figure is Nmol = 32 and the number of sites in a unit cell is
N = 10. The angles ∆ϕ and φ are explained in Eqs. (3) and
the following text.
We model the single-stranded DNA molecule by a he-
lix of a one-dimensional tight-binding chain propagating
chirally around a cylinder of radius R whose axis is along
the zˆ direction, with a pitch ∆h in the counterclockwise
direction (Fig. 2). We assume that each unit cell contains
N sites. Counting from the left electrode (lowest in Fig.
2), the n-th site of the chain is located at
Rn =R[cos(ϕn + φ)xˆ+ sin(ϕn + φ)yˆ] + ∆h
ϕn
2pi
zˆ ,
ϕn =n∆ϕ , ∆ϕ =
2pi
N
. (3)
Here xˆ = (1, 0, 0), yˆ = (0, 1, 0) and zˆ = (0, 0, 1) are
unit vectors along the cartesian axes. The angle φ by
which the entire molecule rotates, is the dynamical vari-
able corresponding to the rotary motion of the molecule.
The SOI active in the chain is modeled by an Aharonov-
Casher phase31,32 emerging due to an electric field gener-
ated by an imaginary line of charge situated along the zˆ
axis. Because of the SOI, the spin of the electron rotates
as it tunnels from the nth site to the (n+ 1)th site. This
rotation is described by a 2× 2 unitary matrix,
Vn = e
iKn,n+1·σ = cos(α) + i sin(α)Kˆn,n+1 · σ , (4)
3where Kˆn,n+1 is a unit vector along the direction of the
rotation vector Kn,n+1. The vector Kn+1,n is given by
Kn+1,n = λ (Rn+1 −Rn)×En+1,n , (5)
where λ parameterizes the strength of the SOI, and
En+1,n is the electric field which is perpendicular to the
zˆ axis at the midpoint between the nth site and the
(n+ 1)th site, (Rn+1 +Rn)/2,
En+1,n = E0
[
cos(ϕn+1/2 + φ)xˆ+ sin(ϕn+1/2 + φ)yˆ
]
.
(6)
The magnitude of the SOI in our model,
α =
∣∣Kn+1,n∣∣ = λE0
√
4R2 sin2
( pi
N
)
+
(
∆h
N
)2
, (7)
is independent of the position n. Assuming that the DNA
molecule contains Nmol sites, the model Hamiltonian we
use is12–14
Hmol =
Nmol∑
n=1
nc
†
ncn − J
Nmol−1∑
n=1
c†n+1Vncn + H.c. . (8)
Here, n is the on-site energy, taken below as zero for
simplicity, and J is the hopping amplitude (in energy
units) between nearest-neighbor sites. The Hamiltonian
of lead r (r = L,R) is
Hr = −J0
Nr−1∑
n=1
c†r,n+1cr,n + H.c. , (9)
where Nr is the number of sites in the r lead, taken below
to be infinity. All annihilation and creation operators
[see, Eqs. (8), (9), and (11)] are spinors; e.g.,
cn =
(
cn↑
cn↓
)
, cr,n =
(
cr,n↑
cr,n↓
)
. (10)
The tunneling Hamiltonian between the leads and the
molecule is
V = vc†1cR,1 + vc
†
Nmol
cL,1 + H.c. . (11)
It is assumed that an electron at the 1st site of the right
(left) lead can tunnel only to the 1st (Nmol-th) site of the
molecule.
B. Spin continuity-equation
The continuity equation of the spin can be derived
within a semi-classical approximation. The time scale
of the electron dynamics is much shorter than that of
the ions comprising the chiral molecule. Therefore, we
first fix the rotation angle φ of the molecule and consider
the eigen wave-function |ψ(φ)〉. The Lagrangian of the
molecule is then33
Lmol = I
2
φ˙2 − 〈ψ(φ)|H|ψ(φ)〉 . (12)
Here I = NmolmIR
2 is the moment of inertia of the DNA
ions, and mI is the mass of a single ion. The dynamics of
the rotation angle φ is governed by the Euler-Lagrange
equation:
d
dt
(
∂Lmol
∂φ˙
)
+
∂Lmol
∂φ
= 0 , (13)
then,
Iφ¨ = 〈ψ(φ)|∂Hmol(φ)
∂φ
|ψ(φ)〉 ≡ τ , (14)
with the mechanical torque τ given by the quantum av-
erage of the operator of the mechanical torque [see Eqs.
(4), (5), and (6)],34
∂Hmol(φ)
∂φ
= −iJ sin(α)
×
(Nmol−1∑
n=1
c†n+1[Kˆn+1,n × σ]zcn −H.c.
)
. (15)
We next relate the operator of the mechanical torque,
∂Hmol(φ)/(∂φ), to the spin-current operator. This is ac-
complished as follows. The operator of the total elec-
trons’ spin on the molecule, Smol, along an arbitrary di-
rection of a unit vector ˆ`, reads
Smol · ˆ`= ~
2
Nmol∑
n=1
c†n( ˆ`· σ)cn . (16)
Exploiting the Heisenberg picture in which Smol(t) =
exp[iH(t − t0)/~]Smol exp[−iH(t − t0)/~], we derive the
equation of motion
d
dt
[Smol(t) · ˆ`] = IL, ˆ`(t) + IR, ˆ`(t) + J · ˆ` . (17)
The first and second terms on the right hand-side of
Eq. (17) are the operators for the spin currents in the
left and right interfaces,
IL(R), ˆ` =
iv
2
(
c†L(R),1( ˆ`· σ)c1(Nmol) −H.c.
)
. (18)
The third term there corresponds to the source of spin
current that flows under the effect of the SOI,
J · ˆ`= −iJ sin(α)
×
(Nmol−1∑
n=1
c†n+1[ ˆ`· (Kˆn+1,n × σ)]cn −H.c.
)
. (19)
4Indeed, comparing Eq. (15) for the operator of the me-
chanical torque with Eq. (19), one concludes that the
former is just the z−component of J . Hence,
dSmol,z(t)
dt
=
∂Hmol(φ)
∂φ
+ IL,zˆ(t) + IR,zˆ(t) , (20)
is the spin continuity-equation: the derivative
∂Hmol(φ)/∂φ acts as the source of the spin angular-
momentum of the electron. The other components of the
spin-current source, i.e., Jx and Jy, are not conserved,
because the two edges’ couplings to the left and right
leads prevent the molecule from rotating along the xˆ
and yˆ axes. (Obviously the interfaces’ currents IL,zˆ and
IR,zˆ flow along the zˆ−direction.)
At steady state the time derivative dSmol,z(t)/dt van-
ishes, and consequently [see Eq. (14)]
Iφ¨ = −〈ψ(φ)|(IL,zˆ + IR,zˆ)|ψ(φ)〉 = τ . (21)
This is the equation of motion of a rotating rigid body: it
relates the spin current with the mechanical torque τ . A
similar equation of motion, derived phenomenologically
from the conservation of the total angular momentum,
has been found in Ref. 24 [see in particular Eq. (5)
there]. In contrast, the continuity equation (21) is de-
rived form a specific microscopic Hamiltonian within the
semi-classical approximation. The considerations given
in this section are in parallel with those related to the
current-induced spin transfer torque:35 a spin-polarized
current that generates a torque which induces in turn
background magnetic moments. In our case, however, the
spin angular-momentum is converted into a mechanical
torque due to the relativistic correction brought about
by the SOI in the non-relativistic Schro¨dinger equation.
C. Landauer-type formula
To complete the calculation of the continuity equation
at steady state, Eq. (21), we need to find the quantum
average of the spin currents IL,zˆ and IR,zˆ. This is ac-
complished within the scattering formalism. We replace
|ψ(φ)〉 by the corresponding scattering state, obtained
upon adiabatically switching-on the tunneling Hamilto-
nian V . In this way, 〈ψ(φ)|IL(R),zˆ|ψ(φ)〉 attains the form
of a Landauer-type formula.
The wave function of an electron, of wave number
2pi`/Nr (` = 1, · · · , Nr − 1), in dimensionless units and
spin σ, impinging on the molecule from the right lead is
|`σ〉R = c†R,`σ|0〉, where |0〉 is the vacuum state and c†R,`σ
is the creation operator
c†R,`σ =
√
2
NR
NR∑
n=1
sin
(
2pi
n`
NR
)
c†R,nσ . (22)
In the NR → ∞ limit, |`σ〉R is an eigenstate of the de-
coupled right lead, HR|`σ〉R = ER`σ|`σ〉R, with the eigen
energy
ER,`σ = −2J0 cos
(
2pi
`
NR
)
. (23)
The scattering state excited by an electron in the eigen-
state |`σ〉R is the solution of the Lippmann-Schwinger
equation,36
|`σ(+)(φ)〉R = [1 +G(ER,`σ + i0)V ]|`σ〉R , (24)
where the Green’s function operator G(E) is
G(E) = [E −H]−1 . (25)
The dependence on the rotation angle φ of the scattering
wave function emerges from that of the Hamiltonian in
the Green’s function operator. When the quantum aver-
age of the spin currents is calculated with the scattering
states of an electron with spin σ and energy E injected
from the right lead (see Appendix A for details), the me-
chanical torque τ , Eq. (21), becomes
τ =
∑
`
R〈`σ(+)(φ)|(IL,zˆ + IR,zˆ)|`σ(+)(φ)〉R
× δ(ER,`σ − E)∆µ
=∆µ
[− gR↓,R↑ − gL↓,R↑ + gR↑,R↓ + gL↑,R↓] , (26)
where ∆µ/e is the source-drain bias voltage (see Fig. 1),
and where the first (last) two terms on the RHS come
from σ =↑ (σ =↓). Equation (26) is valid in the linear-
response regime and at zero temperature. The spin-
mixing spin-conductance, grσ,r′σ [ σ =↑ (↓) for σ =↓ (↑)],
is
grσ,r′σ(E) = piρrσ(E)|r〈1σ|T (E)|1σ〉r′ |2ρr′σ¯(E) , (27)
where |1σ〉r = c†r,1σ|0〉, and r = L,R. The T -matrix
operator in Eq. (27) is given by36
T (E) = V + V G(E)V , (28)
and the local density of states is
ρrσ(E) =
∑
`
|r〈1σ|`σ〉r|2 δ(E − Er,`σ) . (29)
From Eq. (22), |r〈1σ|`σ〉r|2 = (2/NR) sin2(pi`/NR).
Equation (26) for the mechanical torque is a Landauer-
type formula. It indicates that the transmission and re-
flection processes which are accompanied by spin flipping
of the transferred electrons determine the spin current,
and in turn, the induced mechanical torque. This is simi-
lar to the case of the current-induced spin transfer torque.
35,37
In order to facilitate our numerical calculations [see
Sec. III], we rewrite the spin-mixing spin-conductance
5Eq. (27) as
gLσ,Lσ(E) =
1
pi
ImΣLσ(E + i0) ImΣLσ(E + i0)
× |〈Nmolσ|Gmol(E + i0)|Nmolσ〉|2 , (30a)
gRσ,Rσ(E) =
1
pi
ImΣRσ(E + i0) ImΣRσ(E + i0)
× |〈1σ|Gmol(E + i0)|1σ〉|2 , (30b)
gLσ,Rσ(E) =
1
pi
ImΣLσ(E + i0) ImΣRσ(E + i0)
× |〈Nmolσ|Gmol(E + i0)|1σ〉|2 , (30c)
gRσ,Lσ(E) =
1
pi
ImΣRσ(E + i0) ImΣLσ(E + i0)
× |〈1σ|Gmol(E + i0)|Nmolσ〉|2 . (30d)
The Green’s function operator for the molecule and the
corresponding self-energy are
G−1mol(E) =E −Hmol −
∑
σ
ΣLσ(E)|Nmolσ〉〈Nmolσ|
+ ΣRσ(E)|1σ〉〈1σ| , (31)
and
Σrσ(E) =v
2Grσ(E) , (32)
respectively [v is the tunneling amplitude between the
leads and the molecule, see Eq. (11)]. In the limit
Nr → ∞, the boundary Green’s function of lead r can
be calculated analytically,
Grσ(E + i0) =r〈1σ|[E + i0−Hr]−1|1σ〉r
=
1
J0

ε−√ε2 − 1 (ε > 1)
ε− i√1− ε2 (|ε| ≤ 1)
ε+
√
ε2 − 1 (ε < −1)
, (33)
where ε = E/(2J0). The local density of states is
ρrσ(E) = −ImGrσ(E + i0)/pi. The inverse matrix in
Eq. (31) is computed numerically.
Several comments are in order. There would be the
opposite effect, namely an external torque applied to
the molecule would generate a spin current. The ro-
tary motion would pump spin current38 and dissipate the
mechanical angular momentum, which could introduce
a damping term in Eq. (21). Equation (21) also does
not account for the effect of nonequilibrium shot noise.
Due to electric-current fluctuations, the spin current will
also fluctuates, which would result in fluctuations in the
mechanical torque as well. In order to take effects of
nonequilibrium shot noise and damping into account, one
needs to adopt the theory of full-counting statistics.37
Another intriguing outcome of our model is that the spin-
mixing spin-conductance Eq. (27) is independent of the
rotation angle φ, and consequently the torque is also inde-
pendent of that angle. This can be proven as follows. By
exploiting the property of the unitary matrix Eq. (B7),
i.e., Vn(φ) = exp[−iφσz/2]Vn(φ = 0) exp[iφσz/2], the
Hamiltonian of the molecule can be written asHmol(φ) =
exp[−iφσz/2]Hmol(φ = 0) exp[iφσz/2]. It follows that
the T -matrix operator, Eq. (28), attains the same form,
T (E;φ) = exp[−iφσz/2]T (E;φ = 0) exp[iφσz/2], and
thus its matrix element acquires a phase factor due
to the rotation: r〈1σ|T (E;φ)|1σ〉r′ = r〈1σ|T (E;φ =
0)|1σ〉r′ exp[−iσφ]. Inserting this form into Eq. (27) ver-
ifies that the spin-conductance and the torque are in-
dependent of the rotation angle, that is grσ,r′σ¯(E;φ) =
grσ,r′σ¯(E;φ = 0), and τ(φ) = τ(φ = 0).
III. RESULTS AND DISCUSSIONS
Figures 3 show the mechanical torque induced by
electrons injected with their spins polarized along the
zˆ−direction, as a function of their energy E. In panel (a)
the length of the molecule (i.e., the number of sites, Nmol)
is shorter than the unit cell (Nmol ≤ N = 10). Panel
(b) displays the dependence of the mechanical torque on
the energy for molecule’s lengths longer than the length
of the unit cell, Nmol ≥ N . The curves in both panels
reveal that the mechanical torque oscillates as a func-
tion of the energy, and reaches a maximal value of about
τ ∼ 0.15α∆µ. The oscillations’ periodicity decreases as
the length Nmol increases. Moreover, the overall ampli-
tude of the torque oscillates as well with the increasing
length. For Nmol = 10, the mechanical torque is almost
vanished, see Fig. 3 (a) and (b).
Figure 4 exhibits the mechanical torque as a function
of the length of the molecule Nmol for several values of
the strength of the SOI, with the torque normalized by
the strength. The torque oscillates as a function of the
length of the molecule. One notes that with the increase
of the SOI strength, the normalized amplitude becomes
larger while the oscillation period becomes shorter. It
implies that the oscillation period is determined by the
strength of the SOI. On the other hand, for weaker SOI
couplings, the oscillation period approaches the length of
the unit cell, N = 10 in the case of Fig. 4.
To further elaborate on this point, we display in Figs. 5
the normalized torque as a function of the length of the
molecule for several choices of the length of the unit cell.
In panel (a) the SOI coupling is large, α = 0.6. The
three curves (for three choices of the length of the unit
cell) overlap each other. Figure 5 (b) shows the normal-
ized torque for a small SOI coupling strength, α = 0.01.
In this regime we find that the amplitude and the period
do depend on the number of sites in the unit cell. Fur-
thermore, the period approaches the length of the unit
cell, i.e., the number of sites there, when α tends to zero.
The origin of the oscillations of the mechanical torque,
depicted in Figs. 3, 4, and 5, is the difference between
the wave numbers of the two spin states that correspond
to the same energy. That is, due to the SOI and the he-
lical structure, the two spin states of two different wave
numbers k+ and k−, are degenerate. To further explore
this point, we present in Appendix B a detailed calcu-
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FIG. 3: The mechanical torque in units of the spin con-
ductance (i.e., normalized by the strength of the SOI), as a
function of the energy of the injected electron, for several val-
ues of the number of sites on the molecule, Nmol. The spin
of the injected electron points along the zˆ direction. There
are N = 10 sites in each turn of the DNA helix. Panel (a)
is for Nmol = 5, 7, 9, 10, i.e., the molecule is shorter than its
unit cell and panel (b) is for Nmol = 10, 11, 13, 15, longer than
the unit cell. The parameters are: J0 = J , v =
√
1.6J , and
∆h/R = 18.1.
lation of the band structure resulting from our model
Hamiltonian for the DNA molecule [see Eq. (8) and the
discussion leading to it]. Based on the expression derived
in Appendix B for the energy dispersion, Eq. (B19), we
obtain the band structure displayed in the extended zone
scheme in Fig. 6 (a) with the onsite energy n set to zero.
The first Brillouin zone is in the region |k| < pi/N . The
minima of the + and − bands are shifted with respect to
one another, and are located at −∆k − 2pi/N and ∆k,
respectively.32 [See Eq. (B17) for the explicit expression
of ∆k.] As is shown in Appendix B, the period of the
oscillations is
N0 =
2pi
k+ − k−
=
pi
∆k
. (34)
where ∆k is given in Eq. (B17). The period of the os-
cillations, N0, as a function of the strength of the SOI α
is plotted in Fig. 6 (b), for several values of the length
N of the unit cell. Within a reasonable parameter range,
the period decreases as the SOI strength increases, as
observed in Fig 4. For large SOI’s values, the period
becomes independent of the size of the unit cell. It is
worthwhile to note that because of the helical structure
of the molecule, a finite difference k+ − k− = 2pi/N per-
sists even in the limit α→ 0 and thus even then the pe-
5 10 15 20 25
N mol
0.00
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0.15
0.20
τ/
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∆
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α=
FIG. 4: The normalized torque as a function of the length
of the molecule (i.e., the number of sites, Nmol), for several
values of the spin-orbit interaction strength, α = 0.1, 0.3, 0.5.
With the increase of the SOI strength, the amplitude becomes
larger while the oscillation period becomes shorter. The en-
ergy of the injected electrons is chosen to be E = 0. The
other parameters are as in Fig. 3.
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∆
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FIG. 5: The normalized torque as a function of the length
of the molecule, for different lengths of the unit cell, N =
10, 15, 20. (a) Strong SOI coupling, α = 0.6; (b) weak SOI
coupling, α = 0.01. For small α, the period of the oscillations
approaches the length of the unit cell, see panel (b).
riod approaches the length of the unit cell, i.e., N0 → N .
This explains the observations discussed in connection
with Fig. 5 (b).
In Fig. 7 (a) we draw the energy dependence of the
mechanical torque for several lengths of the molecule.
These correspond to the locations of the peaks of the os-
cillations in Fig. 4 for α = 0.3. Although the mechanical
torque slightly oscillates as a function of the energy of the
injected electrons, the average value can be as large as
τ ∼ 0.15α∆µ. The magnitude of the mechanical torque
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FIG. 6: (a) The band structure of the DNA Hamiltonian Eq.
(8), in the extended Brillouin zone scheme for α = 0.3 [see
Eq. (B19)]. The shift of two bands is caused by the SOI
and the helical structure of the molecule. (b) The period
of oscillations in Fig. 4 as a function of the strength of the
spin-orbit interaction for several values of the length of the
unit cell N . The dots represent values taken from Fig. 4, for
α = 0.1, 0.3, and 0.5.
and the resulting force acting on the DNA molecule may
be estimated as follows. The bandwidth of the DNA is
approximately 4J ∼ 120 meV, see Ref. 39. It follows that
the maximal bias-voltage that can be applied between
the source and drain electrodes is ∆µ ∼ 4J and thus
the maximum mechanical torque is roughly estimated as
τ ∼ 0.15α∆µ ∼ 8.7 × 10−21 N ·m. Such a value of the
mechanical torque implies that the force acting on the
molecule is F ∼ τ/R ∼ 0.87 pN. This value is not negligi-
ble compared with the entropic elasticity force of a single
double-stranded DNA, which is about ∼ 10 pN.40,41
It is a somewhat a delicate issue to estimate the value
of the SOI coupling, α. For a B-form DNA,42 typical
parameters are N ∼ 10, R ∼ 1nm and ∆h ∼ 3.4nm. The
electric field acting on the electrons moving along the
helical chain is approximately E0 ∼ 4.5 × 1011V/m.11
However, these values yield a rather tiny SOI coupling,
α ∼ 1.6 × 10−4. Our calculations are performed for the
range 0.01 ∼ 0.6 of α values, which are about four orders
of magnitude larger. It is customary13,14 to adopt such
values for the analysis of the effect of the chiral-induced
spin selectivity.43
Figure 7 (b) exhibits the energy dependence of the
spin-resolved conductance for Nmol = 23 when an un-
polarized electron is injected. These spin-resolved con-
ductances of the ↑-spin and ↓-spin are
G↑RK = 4pi(gL↑,R↑ + gL↑,R↓) , (35a)
G↓RK = 4pi(gL↓,R↑ + gL↓,R↓) , (35b)
where RK = h/e
2 is the von Klitzing constant. Since
the spin-resolved conductance of the ↑-spin is compatible
with that of the ↓-spin, the output current is not spin po-
larized. This result can be deduced from the Bardarson
theorem.44 The theorem implies that for a single-channel
two-terminal conductor which is time-reversal symmet-
ric, the spin-resolved transmission probability can be di-
agonalized in spin space by properly choosing the spin
quantization axis. Moreover, the up and down spin trans-
mission probabilities are identical. Therefore, if the in-
jected electrons are (spin) unpolarized, it is not possible
to induce a mechanical torque.
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FIG. 7: (a) The normalized mechanical torque as a function
of the energy for a molecule composed of Nmol = 5, 14, 23
sites, for which maximal values are reached in Fig. 4. The
spin-orbit interaction strength is α = 0.3. (b) The spin-
resolved conductance as a function of the energy for Nmol =
23. The solid line is the spin-resolved conductance of an elec-
tron with spin ↑ and the dashed line is for an electron with
spin ↓.
IV. SUMMARY
In the present paper, we have discussed the mechanical
torque exerting on a spin-orbit interaction active helical
DNA molecule induced by spin polarized currents that
8flow in response to a bias voltage. The equation of mo-
tion [Eq. (21)] of a rotating molecule, which relates the
spin current and the mechanical torque τ in the steady
state is derived, based on a specific microscopic Hamil-
tonian for the chiral molecule. The spin currents are ex-
pressed in a Landauer-type formula, which involves the
spin-mixing spin-conductance, Eq. (27). The latter is an
important ingredient of the mechanical torque, which is
generated as the back action of the spin-flip transmission
and reflection processes. It is found that the torque os-
cillates as a function of the length of the DNA molecule,
with a period that is dominated by the strength of the
spin-orbit interaction and the helix structure. When this
interaction is very weak, the period approaches the length
of the unit cell
This work was supported by JSPS KAKENHI Grants
17K05575 and JP26220711, by the Israeli Science Foun-
dation (ISF), by the infrastructure program of Israel Min-
istry of Science and Technology under contract 3-11173,
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Appendix A: Expectation values of the spin currents
The expectation value of the spin-current operator,
Eq. (18), in the scattering state excited by an electron
impinging from the right [see Eq. (24)] is
〈Ir〉R,`σ ≡ R〈`σ(+)(φ)|IR|`σ(+)(φ)〉R
=
∑
`′,σ′
R〈`σ(+)(φ)|`′σ′〉r〈`′σ′|Ir|`σ(+)(φ)〉R , (A1)
where r = L,R. In the second step we have neglected the
states in the scattering region, i.e., the localized states in
the molecule (which are localized due to the finite length
of the molecule). Exploiting the relation
r〈`′σ′|Ir = −
i
2 r
〈`′σ′|V σ′ , (A2)
where σ′ at the far end of the right hand-side of this
equation is to be read as σ′ = 1(−1) for σ′ =↑ (↓), we
transform Eq. (A1) into
〈Ir〉R,`σ =−
i
2
∑
`′,σ′
σ′R〈`σ(+)(φ)|`′σ′〉r
× r〈`′σ′|V |`σ(+)(φ)〉R
=− i
2
∑
`′,σ′
σ′R〈`σ(+)(φ)|`′σ′〉r
× r〈`′σ′|T (ER,`σ + i0)|`σ〉R . (A3)
In the last step of Eq. (A3) we have written the scattering
state Eq. (24) using the T -matrix operator [see Eq. (28)],
|`σ(+)(φ)〉R = [1 +G0(ER,`σ + i0)T (ER,`σ + i0)]|`σ〉R ,
(A4)
where the Green’s function operator of the unperturbed
system is
G0(E) = [E −Hmol −HL −HR]−1 . (A5)
From Eq. (A4) we obtain
R〈`σ(+)(φ)|`′σ′〉r = δR,rδ`,`′δσ,σ′
+
R〈`σ|T (ER,`σ − i0)|`′σ′〉r
ER,`σ − i0− Er,`′σ′ . (A6)
Inserting Eq. (A6) into Eq. (A3) and neglecting the imag-
inary part, the expectation value is
〈Ir〉R,`σ =σ
δR,r
2
ImR〈`σ|T (ER,`σ + i0)|`σ〉R
+
pi
2
∑
`′,σ′
σ′δ(ER,`σ − Er,`′σ′)
× |r〈`′σ′|T (ER,`σ + i0)|`σ〉R|2 . (A7)
At this stage we utilize the optical theorem,36
ImR〈`σ|T (ER,`σ + i0)|`σ〉R = −pi
∑
r′,`′,σ′
|r′〈`′σ′|T (ER,`σ + i0)|`σ〉R|2δ(ER,`σ − Er′,`′σ′) , (A8)
where again the states in the scattering region are omitted. Inserting Eq. (A8) into the first term of Eq. (A7) yields
〈Ir〉R,`σ =
∑
r′,σ′
σ′δr′,r − σδR,r
2
pi
∑
`′
|r′〈`′σ′|T (ER,`σ + i0)|`σ〉R|2δ(ER,`σ − Er′,`′σ′) . (A9)
For an electron whose energy is in the range E < ER,`σ < E + δE, where δE is the level spacing in the right lead,
the mechanical torque is
τ =
∑
r,r′,σ′
σ′δr′,r − σδR,r
2
grσ′,Rσ δE , (A10)
9where grσ′,Rσ is the spin-resolved spin-conductance,
gr′σ′,rσ =pi
∑
`′,`
|r′〈`′σ′|T (Er,`σ + i0)|`σ〉r|2δ(Er,`σ − Er′,`′σ′)δ(Er,`σ − E)
=piρr′σ′(E)|r′〈1σ′|T (E + i0)|1σ〉r|2ρrσ(E) , (A11)
and the local density of states, ρrσ(E), is given in Eq. (29).
Once the junction is biased, the electrons that con-
tribute to the spin current are those whose energy E is
in the window µL < E < µL+∆µ, where µL is the chem-
ical potential of the left lead. Therefore, one can replace
δE in Eq. (A10) by the chemical potential difference ∆µ
and obtain Eq. (26) in the linear-response regime and at
zero temperature.
In summary, the derivation in this Appendix is accom-
plished within the scattering formalism which pertains to
noninteracting electrons. Other derivations, e.g., those
based on the many-particle wave function46 would re-
sult in the same expression. Likewise, systematic ap-
proaches such as the Keldysh nonequilibrium Green’s
function technique47,48 would produce the same results.
Appendix B: The oscillations’ periodicity
As mentioned in the main text, the oscillations of the
mechanical torque are related to the degeneracy of the
spin states. Here we diagonalize the Hamiltonian of the
molecule, Eq. (8), to elaborate on this point. We use
periodic boundary conditions, cj = cj+Nmol . In this case
the number of sites on the molecule, Nmol, is a multiple of
the number of sites in the unit cell, N , i.e., Nmol = MN ,
where M is a positive integer. Exploiting this observa-
tion, the Hamiltonian (8) takes the form14 (the on-site
energies are chosen to be zero)
Hmol = −J
M∑
m=1
N∑
n=1
c†m,n+1Vncm,n + H.c. , (B1)
where the operators cn+Nm (c
†
n+Nm) are written as cm,n
(c†m,n). This form satisfies the conditions
cm,n+N = cm+1,n , cm+M,n = cm,n . (B2)
Introducing the discrete Fourier transform
c†`,n =
M∑
m=1
ei2pi`m/Mc†m,n/
√
M , (B3)
the Hamiltonian (B1) becomes
Hmol =
M/2−1∑
`=−M/2
Hmol(`) , (B4)
where the Bloch Hamiltonian Hmol(`) is
Hmol(`) =− J
N−1∑
n=1
c†`,n+1Vnc`,n
− Jc†`,1VNc`,Ne−i2pi`/M + H.c. . (B5)
The matrix part of the tunneling amplitude, Eq. (4)
(which is a unitary matrix) can be written in the form
Vn = exp[−i((n+ 1/2)∆ϕ+ pi/2 + φ)σz/2]eiαnˆ·σ
× exp[i((n+ 1/2)∆ϕ+ pi/2 + φ)σz/2] , (B6)
where the unit vector nˆ is defined by this relation.
Choosing for simplicity the case where the rotation an-
gle is φ = −∆ϕ/2 − pi/2 = −pi/N − pi/2, the tunneling
matrix becomes
Vn = e
−in∆ϕσz/2eiαnˆ·σein∆ϕσz/2 , (B7)
with the unit vector nˆ given by
nˆ = [sin(θ), 0, cos(θ)]T ,
tan(θ) = − ∆h∆ϕ
4piR sin(∆ϕ/2)
. (B8)
It is now expedient to rotate the spin quantization-axis at
each site on the molecule by transforming the operators
there,
c`,n = e
i2pi`n/(MN)e−in∆ϕ(σz−1)/2c˜`,n . (B9)
(note that the rotated operator obeys the periodic bound-
ary conditions, c˜`,n+N = c˜`,n.) This rotation enables us
to diagonalize the Hamiltonian (B5) by exploiting the
discrete Fourier transform
c˜†`,p =
N∑
n=1
ei2pipn/N c˜†`,n/
√
N , (B10)
which yields
Hmol(`) =
N−1∑
p=0
c˜†`,pHp(`)c˜`,p , (B11)
where
Hp(`) =− J exp
[
− i
( (2p+ 1)pi
N
+ k(`)
)]
× exp
[
ipiσz/N
]
exp
[
iαnˆ · σ
]
+ H.c. . (B12)
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Here we have denoted k(`) = 2pi`/M . Introducing the
notations
exp
[
ipiσz/N
]
exp
[
iαnˆ · σ
]
= B01+ iσ ·B , (B13)
where B20 + |B|2 = 1, we obtain
Hp(`) =− 2J
[
B0 cos
( (2p+ 1)pi
N
+ k(`)
)
− σ ·B sin
( (2p+ 1)pi
N
+ k(`)
)]
, (B14)
where
B0 = cos
( pi
N
)
cos(α)− cos(θ) sin
( pi
N
)
sin(α) ,
Bx = sin(θ) cos
( pi
N
)
sin(α) ,
By =− sin(θ) sin
( pi
N
)
sin(α) ,
Bz = cos(θ) cos
( pi
N
)
sin(α) + sin
( pi
N
)
cos(α) . (B15)
It is rather straightforward32 to diagonalize the Bloch
Hamiltonian Hp(`), Eq. (B14). The eigenvalues are
Ep,±[k(`)] = −2J cos
( (2p+ 1)pi
N
+ k(`)±∆k
)
, (B16)
where the phase shift ∆k is
∆k = arctan
( |B|
B0
)
. (B17)
It is interesting to note that in the absence of the
SOI, i.e., when α = 0, the phase shift is ∆k =
pi/N [see Eqs. (B15)] and the eigen energies be-
come Ep,+[k(`)] = −2J cos[k(`)/N + 2pi(p + 1)/N ] and
Ep,−[k(`)] = −2J cos[k(`)/N + 2pip/N ]. That is, even
without the SOI, the energy dispersions of up and
down spins do not coincide for a given band index p,
Ep,+[k(`)] 6= Ep,−[k(`)].
In general, there are four wave numbers for a given en-
ergy E, associated with left- and right-moving electrons
and the two spin components. The wave vectors corre-
sponding to the left-moving electron are
k± = arccos
(
− E
2J
)
∓∆k − pi
N
, (B18)
where in the extended-zone scheme
E±(k) = −2J cos(k/N + pi/N ±∆k) . (B19)
Consequently, the period of k is 2piN . Since the two spin
wave functions of the propagating electron have different
wave vectors, the propagation is accompanied by inter-
ference of the two wave functions, i.e., by spin precession.
The periodicity of the resulting oscillations, N0 (in our
case, in the mechanical torque) is determined by the dif-
ference between the two wave vectors, that is,
N0 =
2pi
k+ − k−
=
pi
∆k
. (34)
1 P. Strˇeda and P. Sˇeba, Antisymmetric Spin Filtering in
One-Dimensional Electron Systems with Uniform Spin-
Orbit Coupling, Phys. Rev. Lett. 90, 256601 (2003).
2 T. P. Pareek, Pure Spin Currents and the Associated Elec-
trical Voltage, Phys. Rev. Lett. 92, 076601 (2004).
3 M. Eto, T. Hayashi, and Y. Kurotani, Spin Polarization
at Semiconductor Point Contacts in Absence of Magnetic
Field, J. Phys. Soc. Jpn. 74, 1934 (2005).
4 N. Hatano, R. Shirasaki, and H. Nakamura, Non-Abelian
gauge field theory of the spin-orbit interaction and a perfect
spin filter, Phys. Rev. A 75, 032107 (2007).
5 A. Aharony, Y. Tokura, G. Z. Cohen, O. Entin-Wohlman,
and S. Katsumoto, Filtering and analyzing mobile qubit in-
formation via Rashba-Dresselhaus-Aharonov-Bohm inter-
ferometers, Phys. Rev. B 84, 035323 (2011).
6 S. Matityahu, A. Aharony, O. Entin-Wohlman, and
C. A. Balseiro, Spin filtering in all-electrical three-terminal
interferometers, Phys. Rev. B 95, 085411 (2017).
7 B. Go¨hler, V. Hamelbeck, T. Z.Markus, M. Kettner,
G. F. Hanne, Z. Vager, R. Naaman, and H. Zacharias,
Spin Selectivity in Electron Transmission Through Self-
Assembled Monolayers of Double-Stranded DNA, Science
331, 894 (2011).
8 Z. Xie, T. Z. Markus ,S. R. Cohen, Z. Vager, R. Gutierrez,
and R. Naaman, Spin Specific Electron Conduction through
DNA Oligomers, Nano Lett. 11, 4652 (2011).
9 P. C. Mondal, C. Fontanesi, D. H. Waldeck, and R. Naa-
man, Field and Chirality Effects on Electrochemical Charge
Transfer Rates: Spin Dependent Electrochemistry, ACS
Nano 9, 3377 (2015).
10 A. C. Aragone`s, E. Medina, M. Ferrer-Huerta, N. Gimeno,
M. Teixido, J. L. Palma, N. Tao, J. M. Ugalde, E. Gi-
ralt, I. Dı´ez-Pe´rez, and V. Mujica, Measuring the Spin-
Polarization Power of a Single Chiral Molecule, Small, 13,
1602519 (2017).
11 R. Naaman and D. H. Waldeck, Chiral-Induced Spin Se-
lectivity Effect, J. Phys. Chem. Lett. 3, 2178 (2012).
12 A.-M. Guo and Q.-F. Sun, Spin-Selective Transport of
Electrons in DNA Double Helix, Phys. Rev. Lett. 108,
218102 (2012).
13 A.-M. Guo and Q.-F. Sun, Spin-dependent electron trans-
port in protein-like single-helical molecules, PNAS 111,
11658 (2014).
14 S. Matityahu, Y. Utsumi, A. Aharony, O. Entin-Wohlman,
and C. A. Balseiro, Spin-dependent transport through a chi-
ral molecule in the presence of spin-orbit interaction and
nonunitary effects, Phys. Rev. B 93, 075407 (2016).
15 S. Varela, V. Mujica, and E. Medina, Effective spin-orbit
couplings in an analytical tight-binding model of DNA:
Spin filtering and chiral spin transport, Phys. Rev. B 93,
11
155436 (2016).
16 K. Michaeli, N. Kantor-Uriel, R. Naaman, and
D. H. Waldeck, The electron’s spin and molecular
chirality - how are they related and how do they affect life
processes? Chem. Soc. Rev. 45, 6478 (2016).
17 K. Michaeli, V. Varade, R. Naaman, and D. H. Waldeck,
A new approach towards spintronics spintronics with no
magnets, J. Phys.: Condens. Matter 29, 103002 (2017).
18 X. Yang, C. H. van der Wal, and B. J. van Wees,
Spin-Dependent Elactron Transmission Model for Chiral
Molecules in Mesoscopic Devices, Phys. Rev. B 99, 024418
(2019).
19 S. Chikazumi and C. D. Graham, Physics of Ferromag-
netism, 2nd Ed., (Oxford University Press, New York,
1997).
20 O. W. Richardson, A Mechanical Effect Accompanying
Magnetization, Phys. Rev. 26, 248 (1908).
21 A. Einstein and W. J. de Haas, Experimental proof of the
existence of Ampere’s molecular currents, in: Deut. Phys.
Gesellsch. Verhandlungen 17, 152 (1915).
22 S. J. Barnett, Magnetization by Rotation, Phys. Rev. 6,
239 (1915).
23 P. Fulde and S. Kettemann, Spin Flip Torsion Balance ,
Ann. Phys. (Berlin) 7, 241 (1998).
24 P. Mohanty, G. Zolfagharkhani, S. Kettemann, and
P. Fulde, Spin-mechanical device for detection and control
of spin current by nanomechanical torque, Phys. Rev. B
70, 195301 (2004).
25 A. .G. Mal’shukov, C. S. Tang, C. S. Chu, and K. A. Chao,
Strain-Induced Coupling of Spin Current to Nanomechan-
ical Oscillations, Phys. Rev. Lett. 95, 107203 (2005).
26 A. A. Kovalev, G. E. W. Bauer, and A. Brataas, Current-
driven ferromagnetic resonance, mechanical torques, and
rotary motion in magnetic nanostructures, Phys. Rev. B
75, 014430 (2007).
27 M. Matsuo, J. Ieda, K. Hiraii, E. Saitoh, and S. Maekawa,
Mechanical generation of spin current by spin-rotation cou-
pling, Phys. Rev. B 87, 180402(R) (2013).
28 M. Matsuo, J. Ieda, and S. Maekawa, Theory of mechanical
spin current generation via spinorbit coupling, Solid State
Commun. 198, 57 (2014).
29 M. Matsuo, J. Ieda, and S. Maekawa, Mechanical genera-
tion of spin current, Front. Phys. 3, 54 (2015).
30 M. Matsuo, E. Saitoh, and S. Maekawa, Spin-
Mechatronics, J. Phys. Soc. Jpn 86, 011011 (2017).
31 Y. Aharonov, and A. Casher, Topological Quantum Effects
for Neutral Particles, Phys. Rev. Lett. 53, 319 (1984).
32 A. G. Aronov and Y. B. Lyanda-Geller, Spin-orbit Berry
phase in conducting rings, Phys. Rev. Lett. 70, 343 (1993).
33 L. D. Landau and E. M. Lifshitz, Mechanics, 2nd ed. (Perg-
amon, Oxford, 1969).
34 Interestingly, [Kˆn+1,n × σ]z = −(λ/α)(∆h/N)En+1,n · σ,
which shows that the torque vanishes when the pitch van-
ishes. The helicity is crucial.
35 J. C. Slonczewski, Current-driven excitation of magnetic
multilayers, J. Magn. Magn. Mater. 159, L1 (1996).
36 J. J. Sakurai, Modern Quantum Mechanics (Ben-
jamin/Cummings, Menlo Park, California, 1985).
37 Y. Utsumi and T. Taniguchi, Fluctuation Theorem for
a Small Engine and Magnetization Switching by Spin
Torque, Phys. Rev. Lett. 114, 186601 (2015).
38 Y. Tserkovnyak, A. Brataas, and G. E. W. Bauer, En-
hanced Gilbert Damping in Thin Ferromagnetic Films,
Phys. Rev. Lett. 88, 117601 (2002).
39 R. Gutierrez, E. Dias, R. Naaman, and G. B. Smith, Spin-
selective transport through helical molecular systems, Phys.
Rev. B 85, 081404(R) (2012).
40 C. Bustamante, Z. Bryant, and S. B. Smith, Ten years of
tension: single-molecule DNA mechanics, Nature 421, 423
(2003).
41 C. Bustamante, J. F. Marko, E. D. Siggia, and S. Smith,
Entropic Elasticity of λ-Phage DNA, Science 265, 1599
(1994).
42 B. Bhushan, D. Luo, S. R. Schricker, W. Sigmund,
and S. Zauscher, Handbook of Nanomaterials Properties,
(Springer, Berlin Heidelberg, 2014).
43 In Ref. 14, the strength of the SOI is characterized by a
parameter θ. It is related to our parameters by
θ = N arccos[cos(pi/N) cos(α)
+ 2(R/`) sin2(pi/N) sin(α)] + (2n˜+ 1)pi ,
where n˜ is an integer. In our case, for ∆h/R = 18.1, N =
10 and α = 0.3, we find θ/pi = 0.12+2n˜, which is about the
same order of magnitude as the values quoted in Ref. 14.
44 J. H. Bardarson, A proof of the Kramers degeneracy of
transmission eigenvalues from antisymmetry of the scatter-
ing matrix, J. Phys. A: Math. Theor. 41, 405203 (2008).
45 K. Banerjee-Ghosh, O. B. Dor, F. Tassinari, E. Ca-
pua, S. Yochelis, A. Capua, S.-H.Yang, S. S. P. Parkin,
S. Sarkar, L. Kronik, L. T. Baczewski, R. Naaman, and
Y. Paltiel, Separation of enantiomers by their enantiospe-
cific interaction with achiral magnetic substrates, Science
360, 1331 (2018).
46 S. A. Gurvitz, and Ya. S. Prager, Microscopic derivation
of rate equations for quantum transport, Phys. Rev. B 53,
15932 (1996).
47 N. F. Schwabe, R. J. Elliott, and N. S. Wingreen,
Ruderman-Kittel-Kasuya-Yosida interaction across a tun-
neling junction out of equilibrium, Phys. Rev. B 54, 12953
(1996).
48 Y. Utsumi, Y. Shimizu, and H. Miyazaki, Barrier Height
and Film Thickness Dependence of the TMR, J. Phys. Soc.
Jpn, 68, 3444 (1999).
